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We desribe a new formulation of the funtional renormalization group (RG) for interating
fermions within a Wilsonian momentum-shell approah. We show that the Luttinger-Ward fun-
tional is invariant under the RG transformation, and derive the innite hierarhy of ow equations
satised by the two-partile-irreduible (2PI) verties. In the one-loop approximation, this hierar-
hy redues to two equations that determine the self-energy and the 2PI two-partile vertex Φ(2).
Suseptibilities are alulated from the Bethe-Salpeter equation that relates them to Φ(2). While
the one-loop approximation breaks down at low energy in one-dimensional systems (for reasons that
we disuss), it reprodues the exat results both in the normal and ordered phases in single-hannel
(i.e. mean-eld) theories, as shown on the example of BCS theory. The possibility to ontinue
the RG ow into broken-symmetry phases is an essential feature of the 2PI RG sheme and is due
to the fat that the 2PI two-partile vertex, ontrary to its 1PI ounterpart, is not singular at a
phase transition. Moreover, the normal phase RG equations an be diretly used to derive the
Ginzburg-Landau expansion of the thermodynami potential near a phase transition. We disuss
the implementation of the 2PI RG sheme to interating fermion systems beyond the examples
(one-dimensional systems and BCS superondutors) onsidered in this paper.
PACS numbers: 05.10.C, 05.30.Fk, 71.10.-w
I. INTRODUCTION
The two-partile-irreduible (2PI) formalism
1,2,3,4,5
was rst introdued in ondensed-matter physis as a
means to systematially set up self-onsistent approxi-
mations that satisfy onservation laws. It an be ast
in a variational framework where the thermodynami
potential Γ is expressed as a funtional of the single-
partile Green funtion.
6 Γ is essentially determined by
the Luttinger-Ward (LW) funtional Φ,1 given by the
sum of the 2PI Feynman diagrams. Φ is also the gener-
ating funtional of the self-energy and higher-order 2PI
verties. The so-alled Φ-derivable approximations are
based on trunations of the diagrammati expansion of
Φ that retain only a nite number or a sub-series of dia-
grams. They are thermodynamially onsistent and sat-
isfy onservation laws.
3,7
While most appliations of the
2PI formalism to interating fermion systems have been
limited to the Hartree-Fok level, reent developments,
motivated by the physis of high-temperature superon-
dutors, have inorporated exhange of spin utuations
within the Hubbard model.
8,9,10
Following general ideas
put forward by Wetterih,
11
the aim of this paper is to
disuss a 2PI formulation of the renormalization group
(RG) approah to interating fermion systems.
The RG has proven a powerful approah for study-
ing low-dimensional fermion systems, providing a sys-
temati and unbiased method to study ompeting insta-
bilities in the weak-oupling limit (Refs. 12-40). One of
its main suesses has been to explain how unonven-
tional superondutivity an our at low temperature
in systems like organi ondutors
12,13,14,15,16
or high-
temperature superondutors
20,21,22,23,25
where the dom-
inant eletron-eletron interations are expeted to be re-
pulsive and favor antiferromagnetism. Although the RG
an be implemented in dierent ways, most approahes
rely on the so-alled one-partile-irreduible (1PI) RG
sheme or variants thereof.
23,25,41
The 1PI RG sheme is
based on an exat RG equation for the generating fun-
tional of 1PI verties. The existene of a Fermi surfae
implies that the interation amplitudes strongly depend
on the momenta of the interating fermions, whih leads
to funtional RG equations for the 1PI verties. For this
reason, most RG alulations in fermion systems have
been limited to one-loop order and are thus restrited
to the weak-oupling limit. Another severe limitation of
the method omes from the diulty to aess broken-
symmetry phases. Long-range order is signaled by a di-
verging ow of ertain 1PI verties and suseptibilities
at a ritial energy or temperature sale, below whih
the RG equations annot be ontinued. It has been pro-
posed to irumvent this diulty by introduing an in-
nitesimally small symmetry-breaking omponent in the
initial ondition of the RG equations,
28
or ombining the
RG tehnique with a mean-eld approximation at low
energy.
42,43
Alternatively, one an introdue a partial
bosonization of the ation yielding a desription in terms
of both fermioni and olletive Hubbard-Stratonovih
elds.
11,32,38,39
It will be interesting to further explore the
appliability of these new RG shemes in various models.
The main purpose of this paper is to show that broken-
symmetry phases an be studied with a RG sheme where
the basi quantities are the 2PI verties rather than their
1PI ounterparts. To understand this issue in simple
terms, let us onsider the 1PI two-partile vertex in the
spin singlet partile-partile hannel obtained by sum-
2ming the bubble diagrams (random-phase approximation
(RPA)),
γ =
γ0
1 + lγ0
, (1)
where l ∼ ln(Λ0/Λ) omes from the non-interating
partile-partile propagator. Λ0 is a high-energy uto
(e.g. the bandwidth), Λ an infrared uto whih an be
identied with the temperature, and γ0 the bare (dimen-
sionless) interation. In the RG framework, γ an be
interpreted either as the 1PI vertex of a theory with in-
frared uto Λ or as the eetive interation of the Wilso-
nian ation with ultraviolet uto Λ.44 Eq. (1) beomes
a dierential equation (see e.g. Ref. 45),
dγ
dl
= −γ2. (2)
For an attrative interation γ0 < 0, a divergene ours
at the energy (or temperature) sale Λc = Λ0 exp(1/γ0),
signaling the formation of Cooper pairs and the appear-
ane of long-range superonduting order. In the BCS
(mean-eld) theory, this divergene is ured below Λc by
the presene of a nite gap in the fermion exitation spe-
trum. However, in the 1PI RG sheme, it prevents the
ow to be straightforwardly
28
ontinued into the broken-
symmetry phase.
Let us now reonsider Eq. (1) from a dierent point
of view. This equation an be seen as a Bethe-Salpeter
equation in the partile-partile hannel with the bare
interation γ0 as the 2PI vertex Φ
(2)
(the reason for this
notation will beome lear in Se. II). Only the non-
interating partile-partile propagator ∼ l ∼ ln(Λ/Λ0)
is sale dependent in Eq. (1), while the 2PI vertex Φ(2)
is invariant under the RG transformation,
dΦ(2)
dl
= 0. (3)
Within the BCS theory, the 2PI vertex Φ(2) is therefore
not sensitive to the transition into the superonduting
phase. The appearane of long-range order is expeted
to indue an anomalous (i.e. symmetry violating) self-
energy below Λc. In more ompliated ases, where sev-
eral types of utuations may ompete together, we an-
not exlude the appearane of singularities in the 2PI
verties. For instane, in a ondutor lose to an an-
tiferromagneti instability, singularities in the partile-
partile hannel (i.e. in the partile-partile omponent
of Φ(2)) may be indued by nearly divergent spin u-
tuations. We shall disuss this point in the onluding
setion and explain how these singularities an be on-
trolled by a proper parameterization of the vertex. All
these onsiderations suggest to use a RG sheme where
the basi objets are the 2PI verties.
The outline of the paper is as follows. In Se. II A,
we briey reapitulate the 2PI formalism. By means of a
Legendre transformation, we express the thermodynami
potential (grand potential) as a funtional Γ[G] of the
Green funtion; we then dene the LW funtional Φ[G]
and the 2PI verties Φ(n). In Se. II B, we desribe the
RG proedure. We derive the dierential equation satis-
ed by the thermodynami potential and show that the
LW funtional is invariant under the RG transformation.
We then dedue the innite hierarhy of ow equations
satised by the 2PI verties. A one-loop approximation is
then introdued by trunating this hierarhy and approx-
imating the 2PI three-partile vertex in terms of the 2PI
two-partile vertex Φ(2) (Se. II C). We disuss the on-
netion between the one-loop equations and their oun-
terparts in the 1PI RG sheme. In Ses. II D and II E, we
give expliit expressions of the one-loop ow equations in
the normal phase and disuss the alulation of response
funtions. Some of the general results of Ses. II A-II E
have been previously obtained by Wetterih,
11
sometimes
in a slightly dierent formulation, with a few important
dierenes that we shall mention. In Se. II F, we show
how the normal phase RG equations an be used to de-
rived the Ginzburg-Landau expansion of the thermody-
nami potential in the viinity of a phase transition. This
is ahieved by onsidering the Legendre transform F [Σ]
of the LW funtional Φ[G], whih allows one to express
the thermodynami potential as a funtional of the self-
energy. The latter is then split into a normal part and an
anomalous (i.e. symmetry violating) part whih is to be
determined by minimizing the thermodynami potential.
The last two setions are devoted to the appliation of the
2PI RG formalism to two dierent models. In Se. III,
we onsider a three-dimensional fermion system with an
attrative interation. From the one-loop approximation
restrited to the partile-partile hannel, we rederive the
main results of the BCS theory (gap equation, thermody-
nami potential, and olletive modes), thus showing the
ability of the 2PI RG sheme to aess broken-symmetry
phases. We nd that the 2PI two-partile vertex Φ(2) is
invariant under the RG transformation, while the ow
equation for the self-energy yields the BCS gap equa-
tion. In Se. IV, we study one-dimensional (1D) sys-
tems within the g-ology framework. At one-loop order,
the 2PI sheme ompares favorably to the RG sheme at
high energy, but deteriorates at lower energy and even-
tually breaks down. We identify the reason for this fail-
ure and argue that the 2PI RG sheme an nevertheless
be applied to realisti quasi-1D systems like the organi
ondutors of the Behgaard salt family. The onlusion
is devoted to a disussion of the implementation of the
2PI RG formalism beyond the examples onsidered in
Ses. III and IV.
RG approahes in the 2PI formalism have also been
disussed in high-energy physis in a eld-theoretial
framework (see, for instane, Refs. 46,47,48,49).
3II. 2PI RG FORMALISM
A. Luttinger-Ward funtional and 2PI verties
We onsider the partition funtion of a spin-
1
2 fermion
system in the presene of external soures,
Z[J ] =
∫
D[ψ] exp
{
−S[ψ] + 1
2
ψTJψ
}
, (4)
where the ation S = S0 + Sint is dened by
S0[ψ] =
1
2
∑
α,β
ψαC
−1
αβψβ ,
Sint[ψ] =
1
4!
∑
α1,α2,α3,α4
Vα1α2α3α4ψα1ψα2ψα3ψα4 , (5)
with Cαβ the free propagator and Vα1α2α3α4 the to-
tally antisymmetrized interation vertex.
1
2ψ
T Jψ =
1
2
∑
α,β ψαJαβψβ desribes the oupling to the external
bosoni soures Jαβ . The ψα's are Grassmann variables
and the olletive index α ≡ (r, τ, σ, c) labels the posi-
tion, imaginary time and spin projetion along a given
axis, as well as other possible internal degrees of free-
dom.
∑
α =
∫ β
0 dτ
∫
ddr
∑
σ,c where β = 1/T is the
inverse temperature and d the spae dimension. c = ± is
a harge index suh that
ψα =
{
ψσ(r, τ) if c = −,
ψ∗σ(r, τ) if c = +.
(6)
Sine the ψ's antiommute, both Cαβ and Jαβ an be
hosen to be antisymmetri funtions: Cαβ = −Cβα and
Jαβ = −Jβα. In the following, we denote by
γ = {α, β} (7)
bosoni indies obtained from two fermioni indies α
and β.
The single-partile Green funtion is given by the fun-
tional derivative of W [J ] = lnZ[J ],
Gγ = 〈ψαψβ〉 = δW [J ]
δJγ
. (8)
Note that the denition of G diers by a minus sign from
the usual denition in ondensed-matter physis. The
Legendre transform of W [J ] is dened by
Γ[G] = −W [J ]− 1
2
Tr(JG), (9)
where J ≡ J [G] is obtained by inverting Eq. (8). To
keep the notations simple, we shall denote J [G] by J in
the following. Tr denotes the trae with respet to the
fermioni indies, i.e. Tr(JG) =
∑
α,β JαβGβα. Γ[G]
satises the equation of motion
δΓ[G]
δGγ
= Jγ , (10)
as an be easily veried by a diret alulation.
50
It is
ustomary to write Γ[G] as
Γ[G] =
1
2
Tr lnG− 1
2
Tr(GC−1 − 1) + Φ[G], (11)
where the LW funtional Φ[G] is the sum of 2PI vauum
utuation diagrams (or vauum utuation skeleton di-
agrams), i.e. diagrams that annot be separated into two
disonneted piees by utting two lines.
By dierentiating Eq. (10) with respet to the soure
J and using Eq. (8),50 we obtain
(
Γ(2)W (2)
)
γ1γ2
≡ 1
2
∑
γ3
Γ(2)γ1γ3W
(2)
γ3γ2
= δα1,α2δβ1,β2 − δα1,β2δβ1,α2
≡ Iγ1γ2 (12)
where
Γ
(n)
γ1···γn =
δ(n)Γ[G]
δGγ1 · · · δGγn
,
W
(n)
γ1···γn =
δ(n)W [J ]
δJγ1 · · · δJγn
(13)
are funtionals of G. Eq. (12) denes a matrix multipli-
ation with respet to the bosoni indies with I the unit
matrix. Further relations between {W (n)} and {Γ(n)}
an be obtained by taking higher-order derivatives of the
equation of motion (10).
The 2PI verties are dened by
Φ
(n)
γ1···γn =
δ(n)Φ[G]
δGγ1 · · · δGγn
. (14)
To order V m, Φ(n) is represented by all 2PI diagrams
with n external (bosoni) legs γi and 2m − n internal
lines. These diagrams annot be separated into two dis-
onneted piees by utting two internal lines (onsider-
ing every external leg γi = {αi, βi} as a onneted piee).
The 2PI verties satisfy the symmetry properties
Φ
(n)
γ1···{αi,βi}···γn = −Φ
(n)
γ1···{βi,αi}···γn ,
Φ
(n)
γ1···γi···γj ···γn = Φ
(n)
γ1···γj ···γi···γn . (15)
The equation of motion (10) an be rewritten as a Dyson
equation
G−1γ = C
−1
γ − Jγ +Σγ , (16)
with Σγ = Φ
(1)
γ the self-energy. Note that the diagram-
mati interpretation of Φ[G] as the sum of 2PI vauum
utuation diagrams follows from Eq. (16) (see, for in-
stane, Ref. 51). Similarly, the equation Γ(2)W (2) = I
an be reast in the form
W (2)γ1γ2 = Gα1β2Gβ1α2 −Gα1α2Gβ1β2
+
1
2
∑
γ3,γ4
Gα1α3Gβ1β3Φ
(2)
γ3γ4W
(2)
γ4γ2 . (17)
4Eq. (17) is a Bethe-Salpeter equation relating the two-
partile Green funtion W (2) to the 2PI vertex Φ(2).
Equilibrium quantities are obtained for vanishing ex-
ternal soures (J = 0). The equilibrium Green funtion
G¯ is determined by the stationary ondition
δΓ[G]
δGγ
∣∣∣∣
G¯
= 0. (18)
It an be expressed in terms of the self-energy Σ¯ = Σ|G¯ =
Φ¯(1),
G¯−1γ = C
−1
γ + Σ¯γ . (19)
The thermodynami potential is given by Ω =
−β−1 lnZ[J = 0] = β−1Γ[G¯].
B. 2PI RG equations
We now take the free propagator C to depend on an
infrared uto Λ whih suppresses the low-energy degrees
of freedom (|ξk| . Λ),
C(k, iωn) = − Θk
iωn − ξk . (20)
C(k, iωn) is the Fourier transform of C(r, τ,−; r′, τ ′,+),
whih we assume to be spin-rotation invariant. ξk =
ǫk − µ is the dispersion of the free fermions (with µ the
hemial potential), and ωn a fermioni Matsubara fre-
queny. Θk is a uto funtion suh that Θk|Λ=0 = 1
and Θk|Λ=Λ0 = 0, where Λ0 = maxk |ξk|. Physial quan-
tities are obtained for Λ = 0, when all degrees of freedom
are inluded in the partition funtion. W [J ] and its Leg-
endre transform Γ[G] now depend on Λ and satisfy ow
equations as the uto Λ is varied between Λ0 and 0.
From the denition of Γ[G] [Eq. (9)℄, we dedue
d
dl
Γ[G] = − ∂
∂l
W [J ]− 1
2
∑
γ
dJγ
dl
δW [J ]
δJγ
− 1
2
Tr
(
dJ
dl
G
)
= − ∂
∂l
W [J ], (21)
where l an be either Λ or a funtion of Λ, e.g. l =
ln(Λ0/Λ). Reall that J depends on G via Eq. (8) and
is therefore a funtion of l. ∂W [J ]/∂l denotes the varia-
tion of W [J ] = lnZ[J ] whih follows from the expliit Λ
dependene of the propagator C,
∂
∂l
W [J ] =
1
Z[J ]
∫
D[ψ]
(
−1
2
ψT C˙−1ψ
)
e−S[ψ]+
1
2
ψT Jψ
= −1
2
∑
α,β
C˙−1αβ 〈ψαψβ〉
=
1
2
Tr(C˙−1G), (22)
where the dot denotes a derivation with respet to l.
Eqs. (21,22) imply
d
dl
Γ[G] = −1
2
Tr(C˙−1G), (23)
and, using Eq. (11),
d
dl
Φ[G] = 0. (24)
The LW funtional is invariant under the RG transforma-
tion. It is therefore a universal funtional independent
of the free propagator C.52 This property has a simple
diagrammati interpretation. Being the sum of the 2PI
graphs (with the internal lines orresponding to the vari-
able G), Φ[G] depends on the interation vertex V , but
not on the non-interating (Λ-dependent) propagator C.
The thermodynami potential satises the RG equa-
tion
Ω˙ =
1
β
d
dl
(
Γ[G]
∣∣∣
G¯
)
=
1
β
(
d
dl
Γ[G]
)
G¯
+
1
2β
∑
γ
δΓ[G]
δGγ
∣∣∣∣
G¯
˙¯Gγ
= − 1
2β
Tr(C˙−1G¯), (25)
where the last line is obtained using equations (23) and
(18).
Sine Φ[G] is invariant under the RG transformation,
the ow of the 2PI verties Φ¯(n) = Φ(n)|G¯ is entirely due
to the ow of G¯,
˙¯Φ
(n)
γ1···γn =
d
dl
(
δ(n)Φ[G]
δGγ1 · · · δGγn
∣∣∣∣
G¯
)
=
1
2
∑
γ
δ(n+1)Φ[G]
δGγ1 · · · δGγnδGγ
∣∣∣∣
G¯
d
dl
G¯γ
=
1
2
∑
γ
Φ¯
(n+1)
γ1···γnγ
˙¯Gγ . (26)
We thus obtain an innite hierarhy of ow equations
for the 2PI verties (Fig. 1). In all Feynman diagrams
shown in this paper, a pair of neighboring external legs
orresponds to a bosoni index γi = {αi, βi}. We shall
always represent the 2PI two-partile vertex Φ¯
(2)
γ1γ2 with
the two external legs γ1 = {α1, β1} (γ2 = {α2, β2}) on
the left (right) hand side of the vertex: Φ¯
(2)
γ1γ2 is 2PI as
seen from left to right.
Eqs. (25,26) should be supplemented with the initial
values of the thermodynami potential and the 2PI ver-
ties at Λ = Λ0. Sine the uto funtion Θk is hosen
suh that C|Λ0 = 0, we easily dedue from the diagram-
mati expansion of the LW funtional that Σ¯|Λ0 = 0
(i.e. G¯|Λ0 = 0), Φ¯(2)|Λ0 = V , and Φ¯(n)|Λ0 = 0 for
n ≥ 3. Using Eq. (11), we also obtain Ω|Λ0 = Ω0|Λ0
where Ω0 = (2β)
−1Tr lnC is the non-interating thermo-
dynami potential obtained from the ation S0. To avoid
omputing Ω0, we shall always alulate ∆Ω = Ω− Ω0.
For pratial alulations, one has to trunate the hier-
arhy of ow equations (26) by retaining a nite number
of low-order verties. The simplest non-trivial trunation
is disussed in the next setion. Unless mentioned other-
wise, we now drop the bar above Green funtions and
verties sine we shall only onsider the ase J = 0.
5FIG. 1: Diagrammati representation of the hierarhy (26) of
ow equations satised by the 2PI verties Φ¯
(n)
γ1···γn . Deriva-
tion with respet to l are indiated by dots (verties) and
slashed lines (propagators). A pair of neighboring external
legs orresponds to γi = {αi, βi}.
C. One-loop RG equations
1. Flow equations for the 2PI verties
One-loop RG equations are obtained by negleting
Φ(n) for n ≥ 4. This redues the hierarhy of equations
(26) to
Σ˙γ1 =
1
2
∑
γ2
Φ(2)γ1γ2G˙γ2 ,
Φ˙(2)γ1γ2 =
1
2
∑
γ3
Φ(3)γ1γ2γ3G˙γ3 . (27)
In order to lose this system of equations, we need an
approximate expression of Φ(3) in terms of Φ(2) and Σ.
Let us start with the seond-order ontribution to the
LW funtional,
Φ[G] = − 1
48
∑
γ1,γ2γ3,γ4
Vα1β3α4β2Vα3β1α2β4Gγ1Gγ2Gγ3Gγ4 .
(28)
By taking the third-order funtional derivative with re-
spet to G, we obtain
Φ(3)γ1γ2γ3 = −
1
2
∑
γ4
Gγ4 [Vα1α3α2α4Vβ1β3β2β4
−Vα1α3β2α4Vβ1β3α2β4 + Vα1β4β2α3Vβ1α4α2β3
−Vα1β4α2α3Vβ1α4β2β3 − (α3 ↔ β3)]. (29)
Replaing V by Φ(2) in Eq. (29),11 we obtain the one-loop
approximation of Φ(3),
Φ(3)γ1γ2γ3
∣∣∣
1 loop
= −1
2
∑
γ4
Gγ4
[
Φ(2)α1α3α2α4Φ
(2)
β1β3β2β4
− Φ(2)α1α3β2α4Φ
(2)
β1β3α2β4
+Φ
(2)
α1β4β2α3
Φ
(2)
β1α4α2β3
− Φ(2)α1β4α2α3Φ
(2)
β1α4β2β3
− (α3 ↔ β3)
]
. (30)
By working out the symmetry fators of various diagram-
mati ontributions to Φ(2) and Φ(3), one an onvine
FIG. 2: Diagrammati representation of Φ(3) as a funtion
of Φ(2) within the one-loop approximation. Φ(2), shown as a
blak dot, is 2PI as seen from left to right. Signs and symme-
try fators are not indiated.
oneself that the overall fator −1/2 in Eq. (29) remains
unhanged when V is replaed by Φ(2). Φ(3)|1 loop is
shown diagrammatially in Fig. 2.
Diagrams ontributing to Φ[G], Σ, Φ(2) and Φ(3) up to
third order in the bare interation amplitude V are shown
in Fig. 3. The O(V 2) ontribution to Φ(3) is inluded in
the one-loop approximation, but among the three dia-
grammati ontributions to order V 3 only the rst one
is retained. The other two are not of the form (30); the
seond one involves a two-partile-reduible two-partile
vertex, while the third one is learly not of the required
type. Thus, a given diagram ontributing to the LW
funtional will generate diagrams for Φ(3) whih may or
may not be inluded in the one-loop approximation. The
latter is therefore not a Φ-derivable approximation as it
is not based on a trunation of the LW funtional. A
detailed study of onservation laws and Ward identities
in the 2PI RG sheme is beyond the sope of this work
and remains to be done.
It should also be notied that the one-loop approxi-
mation, like any approximation of the 2PI vertex Φ(2),
leads to a violation of the rossing symmetries of the
two-partile Green funtion W (2) (e.g. W
(2)
α1β1α2β2
6=
−W (2)α1α2β1β2) and the 1PI two-partile vertex.
From Eqs. (27,30), we nally obtain the one-loop RG
equations
Σ˙γ1 =
1
2
∑
γ2
Φ(2)γ1γ2G˙γ2 ,
Φ˙(2)γ1γ2 =
1
2
∑
γ3,γ4
(G˙γ3Gγ4 +Gγ3G˙γ4)
×[Φ(2)α1α3α4β2Φ(2)β1β3β4α2 − Φ(2)α1α3α4α2Φ(2)β1β3β4β2
]
.
(31)
Eqs. (31) are shown diagrammatially in Fig. 4. There
are two dierenes with respet to the one-loop RG equa-
tions obtained within the 1PI RG sheme:
23,25
(i) the ow
equation for the self-energy involves the 2PI two-partile
vertex and the derivative G˙ of the Green funtion in-
stead of the 1PI vertex and the single-sale propaga-
tor S = −GC˙−1G; (ii) the one-loop ontribution whih
6Φ[G] Σγ = Φ
(1)
γ
Φ(2)
γ1γ2
Φ(3)
γ1γ2γ3
O(V )
O(V 2)
O(V 3)
FIG. 3: Diagrams ontributing to Φ[G], Σγ1 , Φ
(2)
γ1γ2 and
Φ
(3)
γ1γ2γ3 up to third order in the bare interation vertex V
(shown as a (small) blak dot). Diagrams obtained by ex-
hanging external legs (αi ↔ βi) are not shown.
FIG. 4: One-loop ow equations for Σγ and Φ
(2)
γ1γ2 . Here
and in the following gures, diagrams obtained by exhanging
the slashed and non-slashed lines in the one-loop diagrams
ontributing to Φ˙(2) are not shown.
would give a two-partile-reduible ontribution to Φ(2)
is absent.
The proedure we have followed to obtain the one-
loop RG equation is not unique. Owing to the anti-
symmetry of V , one ould write −Vα1β3α4β2Vα3β4α2β1
or Vα4β3α1β2Vα3β4α2β1 instead of Vα1β3α4β2Vα3β1α2β4 in
Eq. (28). This explains while the one-loop RG equation
obtained in Ref. 11,
Φ˙(2)γ1γ2 =
∑
γ3,γ4
G˙γ3Gγ4
[
Φ
(2)
α4α3α1β2
Φ
(2)
β4β3β1α2
− Φ(2)α4α3α1α2Φ
(2)
β4β3β1β2
]
, (32)
diers from ours. This equation an be represented di-
agrammati as in Fig. 4, but with the verties Φ(2) in
the one-loop orretions being 2PI as seen from top to
bottom. Eqs. (31,32) lead to dierent diagram resum-
mations. While the two O(V 3) ontributions to Φ(2) in
Fig. 3 are generated by the equations (31), the rst one
is not if one uses Eq. (32). More generally, similar dia-
grams with an arbitrary number of loops are not inluded
in Eq. (32). These diagrams play a ruial role in most
appliations of the RG approah to interating fermion
systems. For instane, they desribe the exhange of spin
utuations in a ondutor with short-range antiferro-
magneti order and may lead to d-wave or other types of
unonventional superondutivity. For this reason, we do
not expet the one-loop approximation based on Eq. (32)
to give reliable results.
2. Relation to the 1PI RG sheme
In this setion we show how, starting from Eqs. (31),
we an reprodue the one-loop RG equations for the
1PI two-partile vertex γ(4) obtained within the 1PI RG
sheme. γ(4) is dened by
G(4)c,γ1γ2 = −
∑
γ3,γ4
Gα1α3Gβ1β3Gα2α4Gβ2β4γ
(4)
γ3γ4 , (33)
where
G(4)c,γ1γ2 = 〈ψα1ψβ1ψα2ψβ2〉 −Gα1β1Gα2β2
+Gα1α2Gβ1β2 −Gα1β2Gβ1α2
= W (2)γ1γ2 −Gα1β2Gβ1α2 +Gα1α2Gβ1β2 (34)
is the (fully) onneted two-partile Green funtion. The
Bethe-Salpeter equation (17) implies that G
(4)
c satises
1
2
∑
γ4
[
Iγ1γ4 +
1
2
∑
γ3
Πγ1γ3Φ
(2)
γ3γ4
]
G(4)c,γ4γ2 =
− 1
4
∑
γ3,γ4
Πγ1γ3Φ
(2)
γ3γ4Πγ4γ2 , (35)
where
Πγ1γ2 = Gα1β2Gβ1α2 −Gα1α2Gβ1β2 . (36)
In matrix form, Eqs. (33,35) read
G(4)c = −Πγ(4)Π,(
I +ΠΦ(2)
)
G(4)c = −ΠΦ(2)Π. (37)
We therefore obtain
γ(4) = Φ(2)
(
I +ΠΦ(2)
)−1
,
Φ(2) = γ(4)
(
I −Πγ(4))−1. (38)
From these two equations, we dedue the following ow
equation for the 1PI vertex γ(4),
γ˙(4) = −γ(4)Π˙γ(4) + γ(4)(Φ(2))−1Φ˙(2)(Φ(2))−1γ(4)
= −γ(4)Π˙γ(4) + (I − γ(4)Π)Φ˙(2)(I −Πγ(4)).(39)
We an now reprodue the one-loop RG equations de-
rived within the 1PI RG sheme by expanding the rhs
7of Eq. (39) to seond order in γ(4). Sine Φ(2) =
γ(4) + O[(γ(4))2] and Φ˙(2) = O[(Φ(2))2], Eq. (39) gives
γ˙(4) = −γ(4)Π˙γ(4) + Φ˙(2) where, to order (γ(4))2, Φ˙(2) is
given by Eq. (31) with Φ(2) replaed by γ(4) in the rhs.
This eventually gives
γ˙(4)γ1γ2 = −
1
2
∑
γ3,γ4
(
G˙α3β4Gβ3α4 +Gα3β4G˙β3α4
)
× [γ(4)α1β1α3β3γ(4)α4β4α2β2 − γ(4)α1α3β3β2γ(4)β1β4α4α2
+ γ
(4)
α1α3β3α2
γ
(4)
β1β4α4β2
]
. (40)
To lowest order in γ(4), the ow equation (31) for the
self-energy beomes
Σ˙γ1 =
1
2
∑
γ2
γ(4)γ1γ2G˙γ2 . (41)
Eqs. (40,41) agrees with the equations derived within the
1PI RG sheme
23,25
with the single-sale propagator
S = −GC˙−1G replaed by G˙.
D. One-loop RG equations in the normal phase
In this setion, we onsider the one-loop RG equa-
tions in the absene of broken symmetry. We de-
note the position, time and spin indies by X so that
α = (X, c), ψ(X+) = ψ∗(X), ψ(X−) = ψ(X), and∫
dX =
∫ β
0 dτ
∫
ddr
∑
σ. The single-partile Green fun-
tion is then given by
G(X1−, X2+) = 〈ψ(X1)ψ∗(X2)〉 ≡ G(X1, X2), (42)
with G(X1+, X2−) = −G(X2, X1). G(X1c,X2c) van-
ishes in the normal phase. G satises the Dyson equation
G(X1, X2) = C(X1, X2)
−
∫
dX3dX4C(X1, X3)Σ(X3, X4)G(X4, X2) (43)
with
Σ(X1, X2) = Σ(X1+, X2−) (44)
the self-energy. In the normal phase, the 2PI two-partile
vertex Φ(2)(X1c1, X2c2, X3c3, X4c4) vanishes if
∑
i ci 6=
0. Distinguishing between the partile-partile (pp) and
partile-hole (ph) hannels, we introdue
Φ(2)pp (X1, X2, X3, X4) = Φ
(2)(X1+, X2+, X3−, X4−),
Φ
(2)
ph (X1, X2, X3, X4) = Φ
(2)(X1+, X2−, X3+, X4−).
(45)
Note that in Eqs. (45), we have singled out one of the
two ph hannels. The 2PI vertex in the other ph hannel
is related to Φ
(2)
ph by
Φ(2)(X1+, X2−, X3−, X4+) = −Φ(2)ph (X1, X2, X4, X3).
(46)
Sine the one-loop approximation onserves the ross-
ing symmetry Φ
(2)
γ1{α2β2} = −Φ
(2)
γ1{β2α2} (as obvious from
Fig. 4), it is possible to onsider a single ph hannel. The
symmetry properties of Φ
(2)
γ1γ2 [Eqs. (15)℄ imply
Φ(2)pp (X1, X2, X3, X4) = −Φ(2)pp (X2, X1, X3, X4)
= −Φ(2)pp (X1, X2, X4, X3),
Φ
(2)
ph (X1, X2, X3, X4) = Φ
(2)
ph (X3, X4, X1, X2). (47)
The RG equation for the self-energy an be written as
Σ˙(X1, X2) =
1
2
∑
c=±
∫
dX3dX4G˙(X3c,X4c¯)
×Φ(2)(X1+, X2−, X3c,X4c¯)
= −
∫
dX3dX4G˙(X4, X3)
×Φ(2)ph (X1, X2, X3, X4), (48)
where c¯ = −c. A similar alulation for the two-partile
verties Φ
(2)
pp and Φ
(2)
ph yields
Φ˙(2)pp (Xi) = −
1
2
∫
dX ′1dX
′
2dX
′
3dX
′
4
[
G(X ′2, X
′
1)G˙(X
′
3, X
′
4) + (G↔ G˙)
][
Φ(2)pp (X1, X
′
1, X
′
3, X4)Φ
(2)
ph (X2, X
′
2, X
′
4, X3)
+Φ
(2)
ph (X1, X
′
2, X
′
4, X4)Φ
(2)
pp (X2, X
′
1, X
′
3, X3)− (X3 ↔ X4)
]
,
Φ˙
(2)
ph (Xi) = −
1
2
∫
dX ′1dX
′
2dX
′
3dX
′
4
[
G(X ′2, X
′
1)G˙(X
′
3, X
′
4) + (G↔ G˙)
][
Φ(2)pp (X1, X
′
1, X
′
3, X4)Φ
(2)
pp (X
′
4, X3, X2, X
′
2)
+Φ
(2)
ph (X1, X
′
2, X
′
4, X4)Φ
(2)
ph (X
′
1, X2, X3, X
′
3) + Φ
(2)
ph (X1, X
′
2, X3, X
′
3)Φ
(2)
ph (X
′
1, X2, X
′
4, X4)
]
, (49)
8FIG. 5: One-loop RG equations for Σ (a), Φ
(2)
pp (b) and Φ
(2)
ph () in the normal phase.
where we use the short-hand notation Φ(2)(Xi) = Φ
(2)(X1, X2, X3, X4). Eqs. (49) are shown diagrammatially in
Fig. 5.
In spin-rotation invariant systems, it is onvenient to write Φ
(2)
pp and Φ
(2)
ph in the triplet/singlet and harge/spin
basis, respetively,
Φ(2)pp,σi(xi) = Φ
(2)
t (xi)I
σ1σ2
σ3σ4 +Φ
(2)
s (xi)T
σ1σ2
σ3σ4 ,
Φ
(2)
ph,σi
(xi) = Φ
(2)
ch (xi)δσ1,σ2δσ3,σ4 +Φ
(2)
sp (xi)σσ1,σ2 · σσ3,σ4 , (50)
(X = (x, σ), x = (r, τ)), where
Iσ1σ2σ3σ4 =
1
2
(
δσ1,σ4δσ2,σ3 + δσ1,σ3δσ2,σ4
)
, T σ1σ2σ3σ4 =
1
2
(
δσ1,σ4δσ2,σ3 − δσ1,σ3δσ2,σ4
)
, (51)
and σ = (σx, σy, σz) stands for the Pauli matries. From Eqs. (47), we dedue the following symmetry properties
Φ
(2)
t (x1, x2, x3, x4) = −Φ(2)t (x2, x1, x3, x4) = −Φ(2)t (x1, x2, x4, x3),
Φ(2)s (x1, x2, x3, x4) = Φ
(2)
s (x2, x1, x3, x4) = Φ
(2)
s (x1, x2, x4, x3),
Φ
(2)
ch,sp(x1, x2, x3, x4) = Φ
(2)
ch,sp(x3, x4, x1, x2). (52)
Performing the sum over spin indies in Eqs. (48,49), we obtain the ow equations satised by Σ, Φ
(2)
t,s and Φ
(2)
ch,sp,
Σ˙(x1, x2) = −2
∫
dx3dx4G˙(x4, x3)Φ
(2)
ch (x1, x2, x3, x4), (53)
9Φ˙
(2)
t (xi) = −
1
2
∫
dx′1dx
′
2dx
′
3dx
′
4B(x
′
2, x
′
1, x
′
3, x
′
4)
×
[(
Φ
(2)
t (x1, x
′
1, x
′
3, x4)Φ
(2)
ch (x2, x
′
2, x
′
4, x3) + 2Φ
(2)
t Φ
(2)
sp +Φ
(2)
s Φ
(2)
sp
)
+
(
Φ
(2)
ch (x1, x
′
2, x
′
4, x4)Φ
(2)
t (x2, x
′
1, x
′
3, x3) + 2Φ
(2)
sp Φ
(2)
t +Φ
(2)
sp Φ
(2)
s
)
− (x3 ↔ x4)
]
,
Φ˙(2)s (xi) = −
1
2
∫
dx′1dx
′
2dx
′
3dx
′
4B(x
′
2, x
′
1, x
′
3, x
′
4)
×
[(
Φ(2)s (x1, x
′
1, x
′
3, x4)Φ
(2)
ch (x2, x
′
2, x
′
4, x3) + 3Φ
(2)
t Φ
(2)
sp
)
+Φ
(2)
ch (x1, x
′
2, x
′
4, x4)Φ
(2)
s (x2, x
′
1, x
′
3, x3) + 3Φ
(2)
sp Φ
(2)
t
)
+ (x3 ↔ x4)
]
,
Φ˙
(2)
ch (xi) = −
1
2
∫
dx′1dx
′
2dx
′
3dx
′
4B(x
′
2, x
′
1, x
′
3, x
′
4)
×
[(
3
4
Φ
(2)
t (x1, x
′
1, x
′
3, x4)Φ
(2)
t (x
′
4, x3, x2, x
′
2) +
1
4
Φ(2)s Φ
(2)
s
)
+
(
Φ
(2)
ch (x1, x
′
2, x
′
4, x4)Φ
(2)
ch (x
′
1, x2, x3, x
′
3) + 3Φ
(2)
sp Φ
(2)
sp
)
+
(
Φ
(2)
ch (x1, x
′
2, x3, x
′
3)Φ
(2)
ch (x
′
1, x2, x
′
4, x4) + 3Φ
(2)
sp Φ
(2)
sp
)]
,
Φ˙(2)sp (xi) = −
1
2
∫
dx′1dx
′
2dx
′
3dx
′
4B(x
′
2, x
′
1, x
′
3, x
′
4)
×
[(
1
2
Φ
(2)
t (x1, x
′
1, x
′
3, x4)Φ
(2)
t (x
′
4, x3, x2, x
′
2) +
1
4
Φ
(2)
t Φ
(2)
s +
1
4
Φ(2)s Φ
(2)
t
)
+
(
Φ
(2)
ch (x1, x
′
2, x
′
4, x4)Φ
(2)
sp (x
′
1, x2, x3, x
′
3) + Φ
(2)
sp Φ
(2)
ch + 2Φ
(2)
sp Φ
(2)
sp
)
+
(
Φ
(2)
ch (x1, x
′
2, x3, x
′
3)Φ
(2)
sp (x
′
1, x2, x
′
4, x4) + Φ
(2)
sp Φ
(2)
ch − 2Φ(2)sp Φ(2)sp
)]
, (54)
where
B(x1, x2, x3, x4) = G(x1, x2)G˙(x3, x4) + (G↔ G˙). (55)
Due to spin-rotation invariane, the single-partile Green funtion Gσ1σ2(x1, x2) = δσ1,σ2G(x1, x2) and the self-energy
Σσ1σ2(x1, x2) = δσ1,σ2Σ(x1, x2). In Eqs. (54), we have grouped inside parenthesis terms with idential dependenes
on the variables xi, x
′
i and thus avoided unneessary repetitions of the latter.
E. Response funtions in the normal phase
One we have solved the RG equations (53,54) and determined the self-energy Σ and the 2PI vertex Φ(2), we an
obtain the two-partile Green funtions W (2) and the response funtions from the Bethe-Salpeter equation (17).
We dene triplet- and singlet-pairing elds, and harge- and spin-density elds by
Oνt (x1, x2) =


ψ↑(x1)ψ↑(x2) if ν = 1,
1√
2
∑
σ ψσ(x1)ψσ¯(x2) if ν = 0,
ψ↓(x1)ψ↓(x2) if ν = −1,
Os(x1, x2) =
1√
2
∑
σ
σψσ(x1)ψσ¯(x2),
ρ(x1, x2) =
∑
σ
ψ∗σ(x1)ψσ(x2),
S(x1, x2) =
∑
σ1,σ2
ψ∗σ1 (x1)σσ1,σ2ψσ2 (x2), (56)
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(σ¯ = −σ), and the orresponding response funtions
χt(xi) = 〈Oνt (x1, x2)Oν∗t (x4, x3)〉 =


W
(2)
pp,↑↑↑↑(xi) if ν = 1,
1
2
∑
σ1,σ3
W
(2)
pp,σ1σ¯1σ3σ¯3(xi) if ν = 0,
W
(2)
pp,↓↓↓↓(xi) if ν = −1,
χs(xi) = 〈Os(x1, x2)O∗s (x4, x3)〉 =
1
2
∑
σ1,σ3
σ1σ¯3W
(2)
pp,σ1σ¯1σ3σ¯3(xi),
χch(xi) = 〈ρ(x1, x2)ρ(x3, x4)〉 =
∑
σ1,σ3
W
(2)
ph,σ1σ1σ3σ3
(x2, x1, x4, x3),
χsp(xi) = 〈Sν(x1, x2)Sν(x3, x4)〉 =
∑
σ1,σ2,σ3,σ4
σνσ1,σ2σ
ν
σ3,σ4W
(2)
ph,σ2σ1σ4σ3
(x2, x1, x4, x3), (57)
whereW
(2)
pp,σi(xi) = W
(2)
σi (x1−, x2−, x3+, x4+) andW (2)ph,σi(xi) = W
(2)
σi (x1−, x2+, x3−, x4+) are the two-partile Green
funtions in the pp and ph hannels, respetively. They satisfy the Bethe-Salpeter equations [see Eq. (17)℄
W (2)pp,σi(xi) = δσ1,σ4δσ2,σ3G(x1, x4)G(x2, x3)− δσ1,σ3δσ2,σ4G(x1, x3)G(x2, x4)
+
1
2
∑
σ,σ′
∫
dx′1dx
′
2dx
′
3dx
′
4G(x1, x
′
1)G(x2, x
′
2)Φ
(2)
pp,σ1σ2σσ′
(x′1, x
′
2, x
′
3, x
′
4)W
(2)
pp,σσ′σ3σ4
(x′3, x
′
4, x3, x4),
W
(2)
ph,σi
(xi) = −δσ1,σ4δσ2,σ3G(x1, x4)G(x3, x2)
+
∑
σ,σ′
∫
dx′1dx
′
2dx
′
3dx
′
4G(x1, x
′
1)G(x
′
2, x2)Φ
(2)
ph,σ1σ2σσ′
(x′1, x
′
2, x
′
3, x
′
4)W
(2)
ph,σ′σσ3σ4
(x′4, x
′
3, x3, x4). (58)
From Eqs. (58) we dedue
χµ=t,s(xi) = G(x1, x4)G(x2, x3)∓G(x1, x3)G(x2, x4)
−1
2
∫
dx′1dx
′
2dx
′
3dx
′
4G(x1, x
′
1)G(x2, x
′
2)Φ
(2)
µ (x
′
1, x
′
2, x
′
3, x
′
4)χµ(x
′
4, x
′
3, x3, x4),
χµ=ch,sp(xi) = −2G(x4, x1)G(x2, x3)
+2
∫
dx′1dx
′
2dx
′
3dx
′
4G(x2, x
′
1)G(x
′
2, x1)Φ
(2)
µ (x
′
1, x
′
2, x
′
3, x
′
4)χµ(x
′
3, x
′
4, x3, x4). (59)
Eqs. (59) enable ones to determine the response funtions
from the knowledge of the single-partile Green funtion
G and the 2PI vertex Φ(2).
In many ases, useful information an also be drawn
from the 1PI two-partile vertex γ(4). Rewriting the re-
lation (38) between γ(4) and Φ(2) as
γ(4)γ1γ2 = Φ
(2)
γ1γ2 −
1
2
∑
γ3γ4
Φ(2)γ1γ3Gα3β4Gβ3α4γ
(4)
γ4γ2 , (60)
and onsidering this equation in the pp and ph hannels,
we obtain
γ
(4)
µ=t,s(xi) = Φ
(2)
µ (xi)−
1
2
∫
dx′1dx
′
2dx
′
3dx
′
4
×Φ(2)µ (x1, x2, x′1, x′2)G(x′1, x′3)G(x′2, x′4)
×γ(4)µ (x′4, x′3, x3, x4),
γ
(4)
µ=ch,sp(xi) = Φ
(2)
µ (xi) + 2
∫
dx′1dx
′
2dx
′
3dx
′
4
×Φ(2)µ (x1, x2, x′1, x′2)G(x′3, x′1)G(x′2, x′4)
×γ(4)µ (x′4, x′3, x3, x4). (61)
F. Ginzburg-Landau expansion
An essential feature of the 2PI sheme is the possibil-
ity to ontinue the RG ow in a broken-symmetry phase.
This will be illustrated in the next setion in the frame-
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work of the BCS theory, and further disussed in the
onluding setion. As a byprodut, one an also derive
the Ginzburg-Landau expansion of the thermodynamial
potential in the viinity of a phase transition. The inter-
est of suh an approah is that only the solution of the
RG equations with no symmetry breaking is neessary.
When several instabilities ompete at low temperature,
the derivation of the Ginzburg-Landau expansion is ex-
peted to be muh simpler than the full solution of the
RG equations in the broken-symmetry phase.
We introdue the Legendre transform F [Σ] of the LW
funtional Φ[G],
F [Σ] = Φ[G] +
1
2
Tr(GΣ), (62)
whereG ≡ G[Σ] is a funtional of Σ obtained by inverting
Σγ = δΦ[G]/δGγ . Here and in the following, we assume
vanishing external soures (J = 0), and denote G¯, Σ¯ by
G, Σ, et. F [Σ] satises
δF [Σ]
δΣγ
= −Gγ . (63)
The funtional F [Σ] allows us to rewrite Γ[G] as a fun-
tional of the self-energy,
53
Γ[Σ] = −1
2
Tr ln(C−1 +Σ) +
1
2
Tr(GΣ) + Φ[G]
= −1
2
Tr ln(C−1 +Σ) + F [Σ], (64)
whih is stationary at the equilibrium self-energy Σ ≡ Σ¯,
δΓ[Σ]
δΣγ
= 0. (65)
We now write the self-energy Σ = ΣN +∆ as the sum
of a normal part ΣN and an anomalous part ∆ whih
violates some symmetries of the normal phase. ∆ is an
order parameter for the phase transition. It an inlude
dierent kinds of symmetry breaking, suh as antiferro-
magnetism and superondutivity. If we are able to solve
the ow equations in the normal phase, i.e. xing ∆ = 0,
we an onsider Γ[∆] ≡ Γ[ΣN +∆] as a funtional of the
(unknown) anomalous self-energy ∆. The latter is then
determined from the stationary ondition (65),
δΓ[∆]
δ∆γ
= 0. (66)
A ruial point here is that the 2PI ow equations with
∆ = 0 an be ontinued below the atual phase transition
temperature Tc, sine the 2PI verties do not beome sin-
gular at the transition. The funtional Γ[∆] an therefore
be determined below Tc, where the stationary value of ∆
[Eq. (66)℄ is nite.
In the viinity of the phase transition, where∆ is small,
we expand Γ[∆] to fourth order,
Γ[∆] = ΓN +
1
4
Tr(GN∆)
2 +
1
2!
1
22
∑
γ1,γ2
F (2)γ1γ2∆γ1∆γ2
−1
6
Tr(GN∆)
3 +
1
3!
1
23
∑
γ1,γ2,γ3
F (3)γ1γ2γ3∆γ1∆γ2∆γ3
+
1
8
Tr(GN∆)
4 +
1
4!
1
24
∑
γ1,γ2,γ3,γ4
F (4)γ1γ2γ3γ4
×∆γ1∆γ2∆γ3∆γ4 , (67)
where β−1ΓN = β−1Γ[ΣN ] = ΩN is the thermody-
nami potential andGN the Green funtion in the normal
phase, and
F
(n)
γ1···γn =
δ(n)F [Σ]
δΣγ1 · · · δΣγn
∣∣∣∣
ΣN
. (68)
If, as in most one-loop approximations, one ignores the
normal phase self-energy (GN = C), the evaluation of
the terms Tr(GN∆)
n
does not raise any diulty. The
determination of Γ[∆] then requires the alulation of
the oeients F (n). These an be related to the 2PI
verties Φ(n) by taking funtional derivatives of Eq. (63)
with respet to G. The rst-order derivative gives
−1
2
∑
γ3
δ(2)Φ[G]
δGγ1δGγ3
∣∣∣∣
GN
δ(2)F [Σ]
δΣγ3δΣγ2
∣∣∣∣
ΣN
= Iγ1γ2 , (69)
i.e. (
F (2)
)−1
γ1γ2
= −Φ(2)γ1γ2 . (70)
Higher-order derivatives yield
F (3)γ1γ2γ3 = −
1
8
∑
γ′
1
,γ′
2
,γ′
3
Φ
(3)
γ′
1
γ′
2
γ′
3
F
(2)
γ′
1
γ1
F
(2)
γ′
2
γ2
F
(2)
γ′
3
γ3
,
F (4)γ1γ2γ3γ4 =
1
16
∑
γ′
1
,γ′
2
,γ′
3
,γ′
4
Φ
(4)
γ′
1
γ′
2
γ′
3
γ′
4
F
(2)
γ′
1
γ1
F
(2)
γ′
2
γ2
F
(2)
γ′
3
γ3
F
(2)
γ′
4
γ4
−1
8
∑
γ′
1
,γ′
2
,γ′
3
Φ
(3)
γ′
1
γ′
2
γ′
3
[
F
(3)
γ4γ′1γ1
F
(2)
γ′
2
γ2
F
(2)
γ′
3
γ3
+F
(2)
γ′
1
γ1
F
(3)
γ4γ′2γ2
F
(2)
γ′
3
γ3
+ F
(2)
γ′
1
γ1
F
(2)
γ′
2
γ2
F
(3)
γ4γ′3γ3
]
.
(71)
These equations simplify within the one-loop approxi-
mation, sine Φ(n) vanishes for n ≥ 4 and Φ(3) an be
expressed in terms of Φ(2). F (3) and F (4) are then essen-
tially determined by Φ(2) and F (2). Writing the equation
Φ(2)F (2) = −I in the pp and ph hannels, we obtain
1
2
∫
dXdX ′Φ(2)pp (X1, X2, X,X
′)F (2)pp (X
′, X,X3, X4) =
− δ(X1−X4)δ(X2−X3)+ δ(X1−X3)δ(X2−X4),∫
dXdX ′Φ(2)ph (X1, X2, X,X
′)F (2)ph (X
′, X,X3, X4) =
− δ(X1 −X4)δ(X2 −X3), (72)
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where
F (2)pp (X1, X2, X3, X4) = F
(2)(X1−, X2−, X3+, X4+),
F
(2)
ph (X1, X2, X3, X4) = F
(2)(X1−, X2+, X3−, X4+).
(73)
For a spin-rotation invariant system, we nally dedue
∫
dxdx′Φ(2)t (x1, x2, x, x
′)F (2)t (x
′, x, x3, x4) =
− 2[δ(x1 − x4)δ(x2 − x3)− δ(x1 − x3)δ(x2 − x4)],∫
dxdx′Φ(2)s (x1, x2, x, x
′)F (2)s (x
′, x, x3, x4) =
− 2[δ(x1 − x4)δ(x2 − x3) + δ(x1 − x3)δ(x2 − x4)],∫
dxdx′Φ(2)ch (x1, x2, x, x
′)F (2)ch (x
′, x, x3, x4) =
− 1
4
δ(x1 − x4)δ(x2 − x3),∫
dxdx′Φ(2)sp (x1, x2, x, x
′)F (2)sp (x
′, x, x3, x4) =
− 1
4
δ(x1 − x4)δ(x2 − x3). (74)
where F
(2)
t,s are the triplet and singlet parts of F
(2)
pp , and
F
(2)
ch,sp the harge and spin parts of F
(2)
ph . In the next
setion, we shall use Eq. (67) to reprodue the Ginzburg-
Landau expansion of the thermodynami potential of a
BCS superondutor.
III. BCS THEORY
The aim of this setion is to reprodue the main re-
sults of the BCS theory using the 2PI RG equations. We
onsider a 3D system desribed by the ation
S =
∫
dx
∑
σ
ψ∗σ(x)
(
∂τ − µ− ∇
2
r
2m
)
ψσ(x)
+λ
∫
dxψ∗↑(x)ψ
∗
↓(x)ψ↓(x)ψ↑(x), (75)
where m is the fermion mass, µ the hemial potential,
and λ < 0 the amplitude of the loal attrative intera-
tion. This singular interation is regularized by means
of an ultraviolet uto ating on the fermion dispersion:
|ξk| < Λ0, ξk = k2/2m− µ.
A. BCS gap equation
There are two equivalent ways to derive the RG equa-
tions for the BCS theory. One an start from the one-loop
equations and neglet the ph hannel. Sine the one-loop
ontribution to Φ˙
(2)
pp involves only the ph hannel, it van-
ishes in the BCS approximation, i.e.
Φ˙(2)pp = 0. (76)
FIG. 6: Luttinger-Ward funtional ΦBCS[G] in the BCS the-
ory.
Alternatively, one an start diretly from the LW fun-
tional (Fig. 6)
ΦBCS[G] = λ
∫
dxG↑↓(x+, x+)G↓↑(x−, x−), (77)
where
G↑↓(x+, x′+) = 〈ψ∗↑(x)ψ∗↓(x′)〉,
G↓↑(x−, x′−) = 〈ψ↓(x)ψ↑(x′)〉. (78)
One then obtain Φ
(3)
γ1γ2γ3 = 0, whih leads to Eq. (76).
In the ase of a loal interation, the only non-
vanishing part of Φ
(2)
pp reads
Φ(2)pp,σi(xi) = Φ˜
(2)
pp,σiδ(x1 − x2)δ(x2 − x3)δ(x3 − x4)
Φ˜
(2)
pp,↑↓↓↑ = −Φ˜(2)pp,↑↓↑↓ = −Φ˜(2)pp,↓↑↓↑ = Φ˜(2)pp,↓↑↑↓ = λ,
(79)
i.e. Φ˜
(2)
s = 2λ and Φ˜
(2)
t = 0. The self-energy has two
non-vanishing elements, Σ↑↓(x+, y+) = −Σ↓↑(y+, x+)
and Σ↓↑(x−, y−) = −Σ↑↓(y−, x−), determined by the
RG equations
Σ˙↑↓(x+, y+) = λδ(x − y)G˙↓↑(x−, y−),
Σ˙↓↑(x−, y−) = λδ(x − y)G˙↑↓(x+, y+). (80)
Dening the superonduting order parameter ∆ by
Σ↑↓(x+, y+) = δ(x− y)∆,
Σ↓↑(x−, y−) = δ(x− y)∆∗, (81)
the ow equation beomes
∆˙ = λG˙↓↑(x−, x−). (82)
Integrating Eq. (82) between Λ0 and Λ, we obtain the
gap equation
∆ =
λ
βV
∑
k
G↓↑(k−, k−), (83)
where V is the volume of the system, and k = (k, iωn)
with ωn a fermioni Matsubara frequeny.
We use the standard Nambu notation, Ψ(x) =
(ψ↑(x), ψ∗↓(x))
T
, to write the inverse Green funtion as a
2× 2 matrix in reiproal spae,
G−1(k) =
(
C−1(k) ∆
∆∗ −C−1(−k)
)
, (84)
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where C(k) is the free propagator dened by Eq. (20).
For intermediate alulations, it is onvenient to assume
that Θk is a smooth uto funtion whih does not vanish
(Θk 6= 0). Final results depend only on C(k) (and not
C−1(k)) and are well dened even for a hard uto Θk =
Θ(|ξk| − Λ) (Θ is the step funtion). Inverting G−1, we
obtain
Gσσ(k−, k+) = Θk iωn + ξk
ω2n + E
2
k
,
G↑↓(k−, k−) = Θk ∆k
ω2n + E
2
k
,
G↓↑(k+, k+) = Θk
∆∗
k
ω2n + E
2
k
, (85)
where
Ek =
√
ξ2
k
+ |∆2
k
|, ∆k = ∆Θk. (86)
Using Eqs. (85), we an rewrite the gap equation (83) as
∆ = − λ
V
∑
k
Θ2
k
∆
2Ek
tanh
(
β
Ek
2
)
. (87)
When ∆ 6= 0, this equation beomes
1
|λ˜| =
∫ Λ0
Λ
dξ√
ξ2 + |∆|2 tanh
(
β
2
√
ξ2 + |∆|2
)
, (88)
where we have taken Θk = Θ(|ξk| − Λ). The density of
states in the normal phase N(ξ) = 1V
∑
k
δ(ξ − ξk) has
been approximated by its value N(0) at the Fermi level,
and λ˜ = N(0)λ is a dimensionless interation onstant.
Eq. (88) an be solved exatly at T = 0,
|∆(T = 0)| = |∆0|
(
1− 2Λ|∆0|
)1/2
Θ
( |∆0|
2
− Λ
)
, (89)
assuming |∆| ≪ Λ0. |∆0| = |∆|Λ=0 = 2Λ0e1/λ˜ is the
zero-temperature BCS gap.
When ∆(T,Λ) = 0, the singlet response funtion
χs(x, x, y, y) dened in Se. II E is given by the Bethe-
Salpeter equation (59). In Fourier spae,
χs(q) =
2Π−+(q)
1 + λΠ−+(q)
(90)
(q = (q, iων) with ων a bosoni Matsubara frequeny),
where Π−+(q) is the Fourier transform of the pp propa-
gator
Π−+(x− y) = [C(x, y)]2. (91)
The ondition for χs(q = 0) to diverge, 1 + λΠ
−+(q =
0) = 0, is equivalent to the linearized gap equation
[Eq. (88) with ∆→ 0+℄.
Fig. 7 shows the superonduting order parameter ∆
and the singlet response funtion χs(q = 0) (in the regime
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FIG. 7: Order parameter ∆ and singlet response funtion
χs (for ∆(T,Λ) = 0) versus Λ for T = 0 (solid lines) and
T = 0.9Tc (dashed lines).
where ∆(T,Λ) = 0) at T = 0 and T = 0.9Tc where Tc is
the superonduting transition temperature. χs diverges
at the threshold value Λc(T ) of the uto below whih
the gap ∆ beomes nite and reahes the BCS value for
Λ = 0. The transition temperature is determined by
Λc(Tc) = 0. As the 2PI RG equations determine ∆ and
Φ(2), they are not plagued with divergenies and an be
ontinued down to Λ = 0 for any temperature. Broken
symmetry is signaled by a nite value of the anomalous
self-energy ∆ below Λc(T ). The divergene of the singlet
response funtion χs is seen only when the 2PI vertex
Φ(2) is fed into the Bethe-Salpeter equation relating χs
to Φ
(2)
pp .
Note that we have piked up the nonzero solution of
(87) by hand. Alternatively  and this is how one should
proeed in more ompliated situations  one an diretly
solve the ow equation (82),
54
∆˙
λ˜
=
∆√
Λ2 +∆2
tanh
(
β
2
√
Λ2 +∆2
)
− ∆˙
∫ Λ0
Λ
dξ
E
tanh
(
β
2
E
)
+ ∆˙∆2
∫ Λ0
Λ
dξ
E2
[
1
E
tanh
(
β
2
E
)
− β
2 cosh2 (βE/2)
]
(92)
(E =
√
ξ2 +∆2 and we assume the gap ∆ to be
real), together with a symmetry-breaking initial ondi-
tion ∆(Λ0) = ǫ. For ǫ/∆(Λ = 0) . 10
−5
, the solution
of (92) annot be distinguished from that of (88) when
plotted on the same graph. A larger value of ǫ leads to a
smearing of the singularity at Λc(T ).
B. Thermodynami potential
We ould determine the thermodynami potential Ω =
β−1Γ diretly from Eq. (11) using the expression (77) of
ΦBCS. To illustrate how the 2PI RG sheme works, we
shall instead use the ow equation (25) and the Ginzburg-
Landau expansion (67) of the thermodynami potential
near a phase transition.
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1. Ground state ondensation energy
The ground state ondensation energy ∆Ω = Ω − Ω0
satises the RG equation [see Eq. (25)℄
∆Ω˙ = − 1
2β
Tr[C˙−1(G− C)]
= − 2
β
∑
k
C˙−1k [G↑↑(k−, k+)− C(k)]
= − 2
β
∑
k
|∆|2Θ˙kΘk
ω2n + E
2
k
= −|∆|2
∑
k
Θ˙kΘk
Ek
, (93)
where the last line is obtained for T = 0. A diret evalu-
ation of this equation by replaing the sum over k by an
integral over ξk leads to ambiguities beause of fators
Θ(0). We therefore rewrite Eq. (93) as
∆Ω˙ = −∂¯Λ
∑
k
√
ξ2
k
+ |∆|2Θ2
k
, (94)
where ∂¯Λ denotes a derivation with respet to Λ at xed
|∆|. The alulation is then straightforward and yields
∆Ω˙ = −2V N(0)
[
Λ−
√
Λ2 + |∆|2
]
= −2V N(0)(2Λ− |∆0|)Θ
( |∆0|
2
− Λ
)
, (95)
where we have used Eq. (89). Integrating this equation
between Λ0 and Λ, we nally obtain
∆Ω = −2V N(0)
( |∆0|
2
− Λ
)2
Θ
( |∆0|
2
− Λ
)
. (96)
For Λ = 0, we reover the expression of the ondensation
energy ∆Ω = − 12V N(0)|∆20| in a BCS superondutor.
2. Ginzburg-Landau expansion
In the viinity of the superonduting transition, the
thermodynami potential an be alulated using the
general method disussed in Se. II F. This approah re-
lies on the 2PI RG equations in the normal phase (∆ = 0)
ontinued below the atual transition temperature Tc (i.e.
with Σ = ΣN = 0 and Φ
(2) = const in the BCS model).
The anomalous self-energy ∆γ1γ2 is dened by
∆σ1σ2(x1c1, x2c2) = δ(x1 − x2)δσ1,σ¯2δc1,c2
×σ1(δc1,+∆− δc1,−∆∗). (97)
Using (97), one nds
Tr(GN∆)
2 = −4|∆|2
∑
k
C(k)C(−k)
= −4V β|∆|2N(0) ln
(
2γΛ0
πT
)
,
Tr(GN∆)
4 = 4|∆|4
∑
k
[C(k)C(−k)]2
= V β|∆|4 7ζ(3)N(0)
2π2T 2
1
8
∑
γ1,γ2
F (2)γ1γ2∆γ1∆γ2 =
|∆|2
2
∫
dx1dx2F
(2)
s (x1, x1, x2, x2)
= −V β |∆|
2
λ
, (98)
where γ ≃ 1.78 is the exponential of the Euler onstant
and ζ(z) the Riemann zeta funtion (ζ(3) ≃ 1.2). To
obtain the last line, we have used the relation (74) be-
tween Φ
(2)
s and F
(2)
s and Eq. (79). From Eqs. (67,98), we
reover the Ginzburg-Landau expansion in a BCS super-
ondutor,
∆Ω
V
= |∆|2
[
1
|λ| −N(0) ln
(
2γΛ0
πT
)]
+
7ζ(3)N(0)
16π2T 2
|∆|4.
(99)
C. Response funtion and olletive modes in the
superonduting phase
For Λ < Λc(T ), where ∆(T,Λ) 6= 0, the singlet super-
onduting response funtion is dened by
χc1c2s (x1, x2) =
1
2
∑
σ1,σ2
σ1σ¯2
×W (2)σ1σ¯1σ2σ¯2(x1, c1, x1, c1, x2, c2, x2, c2).
(100)
Using the Bethe-Salpeter equation (17), we obtain
χ−+s (q) = 2Π
−+(q)− λΠ−+(q)χ−+s (q)
−λΠ−−(q)χ++s (q),
χ++s (q) = 2Π
++(q)− λΠ+−(q)χ++s (q)
−λΠ++(q)χ−+s (q), (101)
where Πc1c2(q) is the Fourier transform of
Π−+(x− y) = Π+−(y − x) = G↑↑(x, y)G↓↓(x, y),
Π−−(x− y) = −G↓↑(x−, y−)G↑↓(x−, y−),
Π++(x− y) = −G↑↓(x+, y+)G↓↑(x+, y+). (102)
Colletive modes are obtained from the poles of χc1c2(q),
[1 + λΠ−+(q)][1 + λΠ+−(q)]− λ2Π++(q)Π−−(q) = 0.
(103)
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Using
Π−+(q = 0) = Π+−(q = 0)
= − 1
λ
− 1
βV
∑
k
Θ2
k
|∆2
k
|
(ω2n + E
2
k
)2
,
Π−−(q = 0) = Π++(q = 0)∗
=
1
βV
∑
k
∆2
k
(ω2n + E
2
k
)2
, (104)
one veries that Eq. (103) is satised for q = 0 and
ων = 0. For any nite value of the gap ∆ (i.e. for
Λ < Λc), we therefore obtain a gapless (Goldstone) mode
(Anderson-Bogoliubov mode
55,56
). Note that the Gold-
stone theorem is ensured by the fat that the BCS theory
is a Φ-derivable approximation.
IV. ONE-DIMENSIONAL SYSTEMS
In this setion, we onsider a 1D system with the ation
(for a review on 1D systems, see Ref. 12)
S0 = −
∑
k,r,σ
ψ∗rσ(k)[iωn − ξr(k‖)]ψrσ(k),
Sint =
1
2βL
∑
k,k′,q
r,r′,σ,σ′
(g2δr,r′ + g1δr,r¯′)
×ψ∗rσ(k + q)ψ∗r¯σ′(k′ − q)ψr¯′σ′(k′)ψr′σ(k),(105)
where L is the length of the system, k = (k‖, iωn),
and q = (q‖, iων). k‖ and q‖ denote momenta, ωn and
ων fermioni and bosoni Matsubara frequenies, respe-
tively. The index r distinguishes between right (r = +)
and left (r = −) moving fermions. ξr(k‖) = ǫr(k‖)− µ =
vF (rk‖− kF ) is the dispersion law, linearized around the
two Fermi points ±kF , µ being the hemial potential.
The bandwidth is 2Λ0 = 2max|ξr(k‖)|. g1 and g2 are
the bakward and forward sattering amplitudes, respe-
tively. We assume the band lling to be inommensurate
and neglet Umklapp proesses.
A. One-loop RG equations
The 2PI two-partile vertex Φ
(2)r1r2r3r4
pp,ph (Xi) now ar-
ries left/right indies ri. Momentum onservation implies∑
i ri = 0. We dene
ΦCµ (xi) = Φ
(2)+−−+
µ (xi), (µ = t, s),
ΦPµ(xi) = Φ
(2)+−−+
µ (xi), (µ = ch, sp),
ΦLµ(xi) = Φ
(2)++−−
µ (xi), (µ = ch, sp), (106)
where C, P, and L refer to the Cooper, Peierls, and Lan-
dau hannels aording to the standard terminology used
FIG. 8: One-loop RG equations for the 2PI vertex Φ(2) in
the Cooper (a), Peierls (b) and Landau () hannels in a 1D
system. Solid and dashed lines indiate right- and left-moving
fermions, respetively. [In the pp loops appearing in (b) and
(), a sum over the left/right indies is implied.℄
in the framework of the g-ologymodel.
12
In Fourier spae,
we neglet the frequeny dependene and approximate
ΦCµ (k1, k2, k3, k4) ≃ ΦCµ (kF ,−kF ,−kF , kF ) ≡ ΦCµ ,
ΦPµ(k1, k2, k3, k4) ≃ ΦPµ(kF ,−kF ,−kF , kF ) ≡ ΦPµ ,
ΦLµ(k1, k2, k3, k4) ≃ ΦLµ(kF , kF ,−kF ,−kF ) ≡ ΦLµ.
(107)
By saling arguments, one an show that the dependene
of the 1PI vertex γ(4)(ki) on ωni and |ki‖| − kF is irrele-
vant in the RG sense. The validity of Eq. (107), whih as-
sumes that the 2PI vertex Φ(2) shares the same property,
will be disussed in Se. IVC. One-loop ow equations
for ΦC, ΦP and ΦL are dedued from Eqs. (54) by inlud-
ing the r index, i.e. xi → (xi, ri). Retaining only leading
logarithmi divergent loops (Parquet approximation),
12
the ontribution to the self-energy vanishes and the RG
equations for the two-partile vertex read (see Fig. 8)
Φ˙Ct = −Bph
(
ΦCt Φ
L
ch + 2Φ
C
t Φ
L
sp − ΦCs ΦLsp
)
,
Φ˙Cs = −Bph
(
ΦCs Φ
L
ch − 3ΦCt ΦLsp
)
,
Φ˙Pch = −Bpp
(
ΦPchΦ
L
ch + 3Φ
P
spΦ
L
sp
)
,
Φ˙Psp = −Bpp
(
ΦPchΦ
L
sp +Φ
P
spΦ
L
ch − 2ΦPspΦLsp
)
,
Φ˙Lch = −
1
2
Bph
(
3
4
ΦCt
2
+
1
4
ΦCs
2
+ΦLch
2
+ 3ΦLsp
2
)
−1
2
Bpp
(
ΦLch
2
+ 3ΦLsp
2
+ΦPch
2
+ 3ΦPsp
2
)
,
Φ˙Lsp = −Bph
(
1
4
ΦCt
2 − 1
4
ΦCt Φ
C
s +Φ
L
chΦ
L
sp +Φ
L
sp
2
)
−Bpp
(
ΦLchΦ
L
sp − ΦLsp
2
+ΦPchΦ
P
sp − ΦPsp
2
)
,(108)
where
Bph =
1
βL
∑
k
[G+(k)G˙−(k −Q) + (G↔ G˙)],
Bpp =
1
βL
∑
k
[G+(k)G˙−(−k) + (G↔ G˙)] (109)
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ome from the ph and pp loops, and Q = (2kF , 0). The
dot denotes a derivation with respet to l = ln(Λ0/Λ).
To evaluate Bph and Bpp, we use a sharp infrared uto,
Gr(k) = Cr(k) = −
Θ(|ξr(k‖)| − Λ)
iωn − ξr(k‖)
. (110)
This gives
Bpp = −Bph = 1
2πvF
tanh
(
β
Λ
2
)
. (111)
The initial values of the 2PI vertex Φ(2) is the bare vertex
dened by Eq. (105),
ΦCt |Λ0 = −g1 + g2, ΦCs |Λ0 = g1 + g2,
ΦPch|Λ0 = g1 −
g2
2
, ΦPsp|Λ0 = −
g2
2
,
ΦLch|Λ0 = −
g1
2
+ g2, Φ
L
sp|Λ0 = −
g1
2
. (112)
B. Response funtions and 1PI verties
The response funtions in the Cooper and Peierls han-
nels are dened by
χCt,s =
1
βL
∑
k,k′
χ+−−+t,s (k,−k,−k′, k′),
χPch,sp =
1
βL
∑
k,k′
χ+−−+ch,sp (k, k −Q, k′ −Q, k′).(113)
From the Bethe-Salpeter equations satised by χ+−−+t,s
and χ+−−+ch,sp (Eqs. (59) with the ri index inluded), we
obtain
χCµ =
Πpp
1 + ΠppΦCµ
,
χPµ =
−2Πph
1− 2ΠphΦPµ
, (114)
where
Πpp =
1
βL
∑
k
G+(k)G−(−k)
=
1
2πvF
∫ Λ0
Λ
dξ
ξ
tanh
(
β
ξ
2
)
,
Πph =
1
βL
∑
k
G+(k)G−(k −Q)
= −Πpp. (115)
Similarly, for the 1PI two-partile vertex γ(4) [Eq. (61)℄,
we nd
γCµ =
ΦCµ
1 + ΠppΦCµ
,
γPµ =
ΦPµ
1− 2ΠphΦPµ
,
γLµ = Φ
L
µ. (116)
The equality between γLµ and Φ
L
µ is due to the absene of
logarithmi divergent loops in the Landau hannel and
holds at the Parquet level.
In Se. II, we have shown very generally that the RG
equation for γ(4) derived within the 1PI sheme follows
from the RG equation satised by the 2PI vertex Φ(2) and
the Bethe-Salpeter equation relating γ(4) and Φ(2). In ap-
pendix A, as a means to hek the validity of Eqs. (108),
we reover the RG equation satised by γ(4) diretly from
Eqs. (108,116).
C. Disussion
Figure 9 shows Φ(2), χ and γ(4) versus l = ln(Λ0/Λ)
at zero temperature for g˜1 = g˜2 = 0.2. g˜1 = g1/πvF and
g˜2 = g2/πvF are dimensionless oupling onstants. Solid
lines show the results obtained within the 2PI sheme by
solving the ow equations (108) and using Eqs. (114,116).
Dashed lines orrespond to results obtained within the
1PI sheme, where γ(4) and χ are diretly obtained from
RG equations, the 2PI vertex Φ(2) being then dedued
from the relations (116). The agreement between the two
shemes is exellent at high energies (small l), but deteri-
orates at lower energies where, in at least one orrelation
hannel, the 2PI vertex Φ(2) beomes of order one and
eventually diverges. This deieny is not important in
the 1PI sheme, as Φ(2) is usually not onsidered in this
sheme, but it shows that the one-loop approximation
breaks down in the 2PI sheme at low energy.
The divergene of the 2PI vertex Φ(2) in the 1PI
sheme, whih orretly predits all other physial quan-
tities, suggests that the relations (116) between 1PI
and 2PI verties may not be quite orret. Inverting
Eqs. (116) and onsidering the zero temperature limit,
we obtain Φ˜Cµ (l) = γ˜
C
µ (l)/(1− lγ˜Cµ /2) in the Cooper han-
nel and Φ˜Pµ(l) = γ˜
P
µ (l)/(1 − lγ˜Pµ ) in the Peierls hannel.
Φ˜ = Φ/πvF and γ˜ = γ/πvF are dimensionless verties.
We onlude that the 2PI vertex Φ(2) will diverge at a
nite energy sale Λc = Λ0e
−lc
whenever γ(4) is positive
and nite in the low-energy limit (l →∞). For repulsive
interations, γCs (l) → g2 − g1/2 satises this ondition
when g2 > g1/2, whih leads to the divergene of the 2PI
vertex ΦCs (see Fig. 9). The unphysial divergene of the
2PI vertex Φ(2) omes from the assumption that the 2PI
vertex is momentum independent [Eq. (107)℄, whih re-
sults in an artiial deoupling of energy sales between
the 2PI vertex and the reduible pp (or ph) propagator
Πpp,ph. The latter involves all energy sales between Λ
and Λ0 whereas the momentum-independent Φ
(2)
is an
eetive 2PI vertex at the energy sale Λ. The Bethe-
Salpeter equations (114) and (116) are therefore expeted
to be less and less reliable as the infrared uto Λ de-
reases.
These diulties an be partially overome by modify-
ing the Bethe-Salpeter equation relating Φ(2) to γ(4) and
17
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FIG. 9: 2PI verties Φ(2) (a), response funtions χ (b) and
1PI verties γ(4) () versus l = ln(Λ0/Λ) for g˜1 = g˜2 = 0.2
and T = 0. Units are hosen suh that pivF = 1. The
orrelation hannel is indiated in the upper left or right
orner of eah graph, following the notation of the text:
(C,t)=(Cooper,triplet), et. The solid (dashed) lines show
the results obtained from the 2PI (1PI) RG sheme. In the
1PI RG sheme, the 2PI vertex Φ(2) (dashed lines in panel
(a)) is dedued from γ(4) using the relations (116).
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FIG. 10: Same as Fig. 9, but using Eqs. (118) instead of
Eqs. (114,116).
χ,
γ˜Cµ (Λ) = Φ˜
C
µ (Λ)−
1
2
∫ Λ0
Λ
dξ
ξ
tanh
(
β
ξ
2
)
Φ˜Cµ (Λ)γ˜
C
µ (Λ)
→ Φ˜Cµ (Λ)−
1
2
∫ Λ0
Λ
dξ
ξ
tanh
(
β
ξ
2
)
Φ˜Cµ (ξ)γ˜
C
µ (Λ),
χCµ (Λ) = Πpp(Λ)−
1
2
∫ Λ0
Λ
dξ
ξ
tanh
(
β
ξ
2
)
Φ˜Cµ (Λ)χ
C
µ (Λ)
→ Πpp(Λ)− 1
2
∫ Λ0
Λ
dξ
ξ
tanh
(
β
ξ
2
)
Φ˜Cµ (ξ)χ
C
µ (Λ),
(117)
and similar equations in the ph hannel. The 2PI vertex
Φ(2) is now taken at the same energy sale than the pp
18
or ph propagator. We thus obtain
γCµ =
ΦCµ
1 +
Ψ˜Cµ
2
, χCµ =
Πpp
1 +
Ψ˜Cµ
2
,
γPµ =
ΦPµ
1 + Ψ˜Pµ
, χPµ =
−2Πph
1 + Ψ˜Pµ
, (118)
where
ΨC,Pµ =
∫ Λ0
Λ
dξ
ξ
tanh
(
β
ξ
2
)
ΦC,Pµ
∣∣∣
Λ=ξ
(119)
satises the ow equation
Ψ˙C,Pµ = tanh
(
β
Λ
2
)
ΦC,Pµ . (120)
Fig. 10 shows Φ(2), χ and γ(4) obtained from Eqs. (118)
instead of Eqs. (114,116). The parameters are the same
as in Fig. 9. We see that the agreement between the
1PI and 2PI shemes, in partiular for the suseptibil-
ities, is signiantly better. It is instrutive to on-
sider the ase g1 = 0 where the 1PI verties γ
C
µ and γ
P
µ
are xed points of the ow equations at any order in a
loop expansion. From Eqs. (118,120), one then obtains
ΦCµ = Φ
C
µ (l = 0) exp(
1
2 γ˜
C
µ l) and Φ
P
µ = Φ
P
µ(l = 0) exp(γ˜
P
µ l)
at zero temperature. Depending on the sign of γµ, the
2PI vertex will either vanish or diverge exponentially
in the limit l → ∞. The unphysial divergene of the
2PI vertex obtained earlier at a nite energy sale is
now replaed by an exponential divergene at zero en-
ergy (Λ = Λ0e
−l → 0). This divergene follows from
the oexistene of logarithmially divergent (reduible)
pp and ph loops and weak 1PI verties, whih is made
possible in 1D by the strong interferenes between var-
ious orrelation hannels. The 2PI ow equations give
the orret qualitative behavior of Φ(2), but the one-loop
approximation learly breaks down at low energy when
Φ(2) beomes of order one.
It should be notied that if, within the 1PI sheme, the
suseptibilities were alulated from
χCµ = Πpp −ΠppγCµΠpp,
χPµ = −2Πph − 4ΠphγPµΠph, (121)
with momentum independent verties γ(4) obtained from
RG equations, similar diulties would arise and the
orret asymptoti low-energy behavior would not be
reahed. The orret result is obtained by also deriv-
ing RG equations for the suseptibilities; in this way ir-
reduible and reduible pp and ph loops are onsidered
on equal footing. These RG equations are obtained by
introduing bosoni external soures that ouple to or-
der parameter elds, in addition to the fermioni soures
that are used to obtain the generating funtional of 1PI
verties by a Legendre transformation.
23,25
To quantify the failure of the 2PI sheme, within the
one-loop approximation, to aess the low-energy limit
of 1D systems, let us onsider the ase of the quasi-1D
organi ondutors of the Behgaard salt family. In these
systems, the bandwidth 2Λ0 ≃ 4t‖ ∼ 12000 K is muh
larger than the kineti interhain oupling t⊥ ∼ 300 K.
For g˜1 = g˜2 = 0.2, the 2PI ow equations break down
for l ∼ 5 (Fig. 10), whih orresponds to an energy or
temperature sale Λ0e
−l ∼ 40 K. For g˜1 = g˜2 = 0.4,
we nd that the ow equations remain valid down to
∼ Λ0e−3 ∼ 300 K. In both ases, these energy sales are
of the same order of magnitude or smaller than the tem-
perature Tx ∼ t⊥ ∼ 300 K at whih a rossover to a 2D
regime takes plae. Preliminary alulations in quasi-1D
systems indiate that the interation strength studied in
Refs. 15,16, namely g˜2 = 2g˜1 = 0.64 is aessible within
the 2PI sheme.
57
We thus onlude that the 2PI sheme
an be used for realisti quasi-1D systems like the Beh-
gaard salts.
V. SUMMARY AND CONCLUSION
We have disussed the implementation of a Wilsonian
momentum-shell RG approah within the 2PI formalism
introdued in the 60s by Luttinger, Ward, Baym and
others.
1,2,3,4
The 2PI RG sheme yields an innite hier-
arhy of ow equations satised by the 2PI verties Φ(n).
The suseptibilities are obtained from the Bethe-Salpeter
equation that relates them to the 2PI two-partile vertex
Φ(2). In the normal phase, one has shematially
χpp = χ
(0)
pp − 12ΠppΦ
(2)
ppχpp
χph = χ
(0)
ph + 2ΠphΦ
(2)
phχph
✻
❄
(RG equations)
(similar equations ould be written for the 1PI verties
γ
(4)
pp and γ
(4)
ph ) where χ
(0)
pp,ph are the suseptibilities with-
out vertex orretion and Πpp/ph the pp or ph pair prop-
agator. The arrows indiate the oupling between the
pp and ph hannels whih is taken are of by the RG
equations satised by the 2PI two-partile verties Φ
(2)
pp
and Φ
(2)
ph . The innite hierarhy of RG ow equations
satised by the 2PI verties Φ(n) should be trunated at
some order in a loop expansion. The simplest non trivial
trunation, the one-loop approximation, was disussed in
detail in Se. II. As any approximation of the 2PI vertex
Φ(2), it leads to a violation of the rossing symmetries of
the two-partile Green funtion W (2) and the 1PI ver-
tex γ(4). Besides, the one-loop approximation is not a
Φ-derivable approximation, and a detailed study of on-
servation laws and Ward identities remains to be done.
We have shown in Se. IV that 1D ondutors are har-
aterized by an exponentially divergent 2PI vertex in the
zero-energy limit, a onsequene of the strong interfer-
enes between orrelation hannels in 1D. This leads to a
breakdown of the one-loop approximation, whih is there-
19
fore unable to aess the asymptoti low-energy behavior
of Luttinger liquids. Nevertheless, we have argued that
the 2PI sheme an be used in quasi-1D systems like the
organi ondutors of the Behgaard family where a di-
mensional rossover always drives the system towards a
2D or 3D behavior at low energy.
On the other hand, the 2PI RG sheme leads to a par-
tiularly simple desription of single-hannel (i.e. mean-
eld) theories. In mean-eld theories, all the Λ depen-
dene omes from the two-partile-reduible part of the
suseptibilities (and the 1PI vertex γ(4)), while the 2PI
vertex Φ(2) is invariant under the RG transformation:
Φ˙(2) = 0. The one-loop ow equations then redue to
a single equation that determines the (anomalous) self-
energy and reprodues the usual mean-eld gap equation
(Se. III).
The possibility to ontinue the RG ow into broken-
symmetry phases is an essential feature of the 2PI RG
sheme and is due to the fat that the 2PI two-partile
vertex Φ(2), ontrary to its 1PI ounterpart, is not sin-
gular at the phase transition. This property, whih is
obvious in a mean-eld theory, deserves some disussion
in more general ases. The interhannel oupling, even
weak, is likely to indue singularities in the 2PI vertex
Φ(2), in partiular in the viinity of a phase transition.
However, these singularities an be ontrolled by a proper
parameterization of Φ(2). To see this, let us onsider
a quasi-1D ondutor near a spin-density-wave (SDW)
instability. The spin suseptibility χsp(2kF , π) diverges
at the SDW transition but, as in single-hannel (mean-
eld) theories, the irreduible vertex ΦPsp should remain
nite (see Se. IV for the denition of ΦP and ΦC in a
(quasi-)1D system). In the viinity of the phase transi-
tion, nearly divergent spin utuations strongly aet the
2PI vertex ΦC in the Cooper hannel. For the purpose
of our disussion, let us assume that ΦC is proportional
to the spin suseptibility,
ΦCµ=t,s(k⊥, q⊥ − k⊥,−k′⊥, k′⊥ − q⊥) ∝ χsp(2kF , k⊥ + k′⊥),
(122)
where we retain the k⊥ dependene of the vertex.16 The
ombination of k⊥ arguments in Eq. (122) is the one
that appears in the Bethe-Salpeter equation determin-
ing the superonduting suseptibility. Expanding the
even funtion χsp(2kF , q⊥) in Fourier series, we obtain
ΦCµ (k⊥, q⊥ − k⊥,−k′⊥, k′⊥ − q⊥)
=
∞∑
n=0
a(n)µ cos[n(k⊥ + k
′
⊥)]
=
∞∑
n=0
a(n)µ [cos(nk⊥) cos(nk
′
⊥)− sin(nk⊥) sin(nk′⊥)],
(123)
where a
(n+1)
µ a
(n)
µ < 0 and |a(n)µ | is a dereasing funtion
of n. The ondition |a(n)µ | = |a(0)µ |, i.e. a(n)µ = (−1)na(0)µ ,
would lead to a diverging suseptibility χsp(2kF , q⊥) ∝
δ(q⊥− π), while |a(n+1)µ | < |a(n)µ | gives a broadened peak
at q⊥ = π. The proximity of the SDW transition man-
ifests itself by a larger and larger number of a
(n)
µ oe-
ients with a signiant amplitude. All these oeients
should however remain bounded, with 1± (a(n)µ /2)Πpp >
0, for the system to be stable against a superonduting
instability (Πpp is the pp propagator dened in (115)).
By parameterizing the 2PI vertex ΦC by means of the
a
(n)
µ oeients, we avoid any ompliation due to the
diverging spin suseptibility. In pratie, only a nite
number of oeients need to be retained. The oe-
ients with a large value of n, whih orrespond to pairing
between fermions n hain apart, do not play an impor-
tant role; they annot drive a pairing instability  an
instability with a small value of n (n = 0, 1, 2, · · · ) will
always our rst
58
 and their inuene on the ph han-
nel is expeted to be negligible. This approximation will
lead to a non essential smearing of the singularity of ΦCµ
at k⊥ + k′⊥ = π. The argument given here for quasi-
1D systems an be made more general. One an expand
the 2PI vertex on the eigenmodes of the Bethe-Salpeter
equation, retaining only a nite number of eigenmodes.
Eah oeient in this expansion is bounded by a ritial
value at whih a phase transition ours.
In Se. II F, we have proposed a method to derive the
Ginzburg-Landau expansion of the thermodynami po-
tential in the viinity of the phase transition on the basis
of the ow equations in the normal phase. This is the sim-
plest way to aess phases with long-range order as it does
not require to solve the full RG equations in the presene
of symmetry breaking. The knowledge of the Ginzburg-
Landau expansion of the thermodynami potential allows
one to study the possibility of phase oexistene below
the transition temperature. This is a partiularly impor-
tant issue in quasi-1D organi ondutors where super-
ondutivity and antiferromagnetism,
59,60
as well as spin-
and harge-density waves,
61,62
oexist in some regions of
the pressure-temperature phase diagram. Reent 1PI RG
alulations have indiated that antiferromagnetism and
superondutivity, as well as harge- and spin-density-
wave phases, lie nearby in the phase diagram of quasi-1D
ondutors.
13,14,15,16
The 2PI RG sheme would allow
to determine whether they atually oexist in the low-
temperature phase as observed experimentally.
59,60,61,62
Finally, we note that the 2PI RG sheme enables a di-
ret onnetion to the phenomenologial Landau Fermi
liquid theory when the metalli state remains stable down
to low temperature. It has been shown in Ref. 63 that the
funtional Γ[G¯], or rather its variation δΓ = Γ[G]−Γ[G¯],
an be written as a funtional δΓ[δn] of the Wigner distri-
bution funtion n = {nkσ(r, τ)} whih is essentially de-
termined by the Landau parameters. The latter are given
by the forward-sattering limit of the 2PI vertex Φ(2).
(δn = n − n¯ denotes the deviation from the equilibrium
value n¯.) δΓ[δn] determines both stati and dynami
properties of the Fermi liquid. In partiular, it yields the
quantum Boltzmann equation satised by nkσ(r, τ). In
the stati ase, the Wigner distribution {nkσ(r, τ)} re-
20
dues to the quasi-partile distribution funtion {nkσ},
and δΓ[δn] = δE[δn] − µδN − TδS[δn] where δN [δn]
and δS[δn] are the quasi-partile number and entropy
variations indued by a hange δn in the quasi-partile
distribution. The funtional δE[δn], whih gives the or-
responding energy variation, is the basis of Landau's phe-
nomenologial Fermi liquid theory.
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APPENDIX A
In this appendix, we show that Eqs. (108) orretly
reprodue the one-loop equations for the 1PI vertex
γ(4) in Luttinger liquids. The ow equation of γ(4)
is given by Eq. (39). To order (γ(4))2, it redues to
γ˙(4) = −γ(4)Π˙γ(4)+Φ˙(2) where Φ˙(2) should be evaluated
to O[(γ(4))2]. This leads to
γ˙Ct = −BppγCt
2
+ Φ˙Ct
= Bpp
(−γCt 2 + γCt γLch + 2γCt γLsp − γCs γLsp),
γ˙Cs = −BppγCs
2
+ Φ˙Cs
= Bpp
(−γCs 2 + γCs γLch − 3γCt γLsp),
γ˙Pch = 2Bphγ
P
ch
2
+ Φ˙Pch
= −Bpp
(
2γPch
2
+ γPchγ
L
ch + 3γ
P
spγ
L
sp
)
,
γ˙Psp = 2Bphγ
P
sp
2
+ Φ˙Psp
= −Bpp
(
γPsp
2
+ γPchγ
L
sp + γ
P
spγ
L
ch − 2γPspγLsp
)
,
γ˙Lch = Φ˙
L
ch
=
1
2
Bpp
(
3
4
γCt
2
+
1
4
γCs
2 − γPch
2 − 3γPsp
2
)
,
γ˙Lsp = Φ˙
L
sp
=
1
2
Bpp
(
1
2
γCt
2 − 1
2
γCt γ
C
s
−2γPchγPsp + 2γPsp
2
+ 4γLsp
2
)
, (A1)
where we have used Bpp = −Bph. γC, γP and γL are
dened similarly to ΦC, ΦP and ΦL [Eqs. (106)℄. Note
that γ(4)Π˙γ(4) vanishes in the Landau hannel as it does
not produe any logarithmi term. Eqs. (A1) an be
simplied by using the rossing symmetries
γ
(4)rrr¯r¯
ph,σ1σ2σ3σ4
= −γ(4)rr¯rr¯pp,σ1σ3σ2σ4 = γ(4)rr¯r¯rpp,σ1σ3σ4σ2
= −γ(4)rr¯r¯rph,σ1σ4σ3σ2 , (A2)
whih lead to
γLch =
3
4
γCt +
1
4
γCs = −
1
2
γPch −
3
2
γPsp,
γLsp =
1
4
γCt −
1
4
γCs = −
1
2
γPch +
1
2
γPsp. (A3)
From Eqs. (A1,A3), we nally dedue
γ˙Ct =
1
4
Bpp
(
γCt − γCs
)2
,
γ˙Cs = −
3
4
Bpp
(
γCt − γCs
)2
,
γ˙Pch = −
3
2
Bpp
(
γPch − γPsp
)2
,
γ˙Psp =
1
2
Bpp
(
γPch − γPsp
)2
,
γ˙Lch = 0,
γ˙Lsp = 4Bppγ
L
sp
2
, (A4)
with the initial value γ(4)|Λ0 = Φ(2)|Λ0 given by
Eqs. (112). Alternatively, using the parameterization
(112), one an rewrite Eqs. (A4) as two ow equations
for g1 and g2,
g˙1 = −2Bppg21 ,
2g˙2 − g˙1 = 0. (A5)
Eqs. (A5) are the usual one-loop RG equations for a 1D
system.
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